It is shown that the dissipative chaotic dynamics of a charged particle in the field of a wave packet with an arbitrary but finite number of harmonics can be reliably suppressed by judiciously varying the constant phase of the main harmonic, φ 0 , while keeping null the corresponding constant phases of the remaining harmonics. The dependence of the chaotic threshold on the wave packet parameters is predicted theoretically (Melnikov method) and confirmed numerically (Lyapunov exponents). In particular, it is shown that φ 0 is effective at suppressing the chaotic behavior existing when φ 0 = 0 over a wide range of values of the wave packet width, while the remaining parameters are kept constant.
Introduction
The interaction of charged particles with a wave packet is a basic and challenging problem appearing in many fundamental fields such as astrophysics, plasma physics, and condensed matter physics Lichtenberg & Lieberman, 1993; Elskens & Escande, 2003] , to name just a few. As is well known, the structure of the wave packet reflects the particular physical situation that is being considered in each case. In this regard, a canonical, widely studied particular case is that of an infinite set of waves having the same amplitudes and wave numbers, zero constant phases, and integer frequencies [Chirikov, 1979; Wenzel et al., 1991; Chernikov et al., 1989; Nomura et al., 1992; Ciubotariu et al., 2002] . While the Hamiltonian approach to the general problem is suitable in many physical contexts [Mackay & Meiss, 1987] , the consideration of dissipative forces seems appropriate so as to take into account such diverse phenomena as electron-ion collisions, energy losses through synchrotron radiation, and stochastic heating of particles in plasma physics. Thus, the influence of dissipation on the chaotic dynamics of charged particles in the field of a wave packet that propagates across an external magnetic field was studied in [Vasilév et al., 1988] , while the dissipative chaotic motion of miniband electrons in a tilted magnetic field was considered in [Balanov et al., 2008] . In any case, stochastic (chaotic) dynamics already appears (can appear) when the wave packet solely consists of two plane waves [Rechester & Stix, 1979; Escande, 1982; Gell & Nakach, 1986; Zaslavsky et al., 1991] . As is well known, this nonregular behavior of the charged particles may yield undesirable effects in a number of technological devices such as the destruction of magnetic surfaces in tokamaks [Hahn & Burrell, 1995; Lin et al., 1998 ]. Thus, in the context R. Chacón of plasma physics inter al., it is natural and pertinent to consider the problem of regularization of the chaotic dissipative dynamics of a charged particle in a wave packet. For the sake of simplicity, the following model will be considered in the present work :
where E n , k n , ω n , and φ n are the amplitudes, wave numbers, frequencies, and constant phases, respectively, of the (2N + 1) plane waves, and γ, e and m e are the damping coefficient, and the charge and the mass of the particle, respectively. The particular wave packet structure associated with the standard map [Zaslavsky, 1978; Chirikov, 1979] (infinite set of waves having the same amplitudes, same wave numbers, integer frequencies, and zero constant phases) has played a major role historically as it connected the problem of the wave-particle interaction with chaotic area-preserving (Hamiltonian) maps. Its diffusion properties (γ ≡ 0) have been shown to be nonuniversal in the sense that it does not generalize to a wave spectrum with uncorrelated phases [Bénisti & Escande, 1998 ], and its assumption of an infinite and uniform amplitude distribution also seems quite restrictive since it does not permit one to study the sensitivity of the dynamics to changes in the wave packet width. Physically, this sensitivity yields changes in the properties and structures of the phase space, as can be appreciated when comparing, for example, the cases of two waves [Rechester & Stix, 1979; Escande, 1982; Gell & Nakach, 1986; Zaslavsky et al., 1991] and infinite waves . Indeed, this has been demonstrated in [Chacón, 2005] where a generalized model of the wave packet structure is considered to take into account such a finite-size effect on the particle dynamics. Specifically, one assumes [Chacón, 2005] :
where K(m) is the complete elliptic integral of the first kind, i.e. a sech distribution is assumed for the amplitudes such that the effective width is controlled by a single parameter -the elliptic parameter m. An illustrative instance is shown in Fig. 1 . The case φ n = 0 is considered in [Chacón, 2005] , where several properties of the standard map and the relativistic standard map were shown to be nonuniversal in the framework of the wave-particle interaction. The specific form of E n (m) is motivated by the following three properties. (i) E n (m = 0) = E 0 δ n0 , with δ n0 being the Kronecker delta, i.e. one recovers the (nonchaotic) limiting case of a single plane wave.
(ii) E n (m = 1) = E 0 , ∀ n, i.e. one recovers the limiting case described by the standard map.
(iii) For any m ∈ [0, 1), one may define an effective number of harmonics forming the wave packet as follows. Let us choose quite freely a real number ε ∈ (0, 1) such that N eff is the largest integer sat-
where the brackets stand for the integer part.
In this present work, we consider the dissipative dynamics of charged particles described by Eqs. (1) and (2), and discuss the chaos-suppressing effectiveness of the constant phases φ n by focusing on the simple case
i.e. it is assumed that only the constant phase of the main harmonic is nonzero, while the charged particle exhibits chaotic behavior when φ 0 = 0. Thus, for this choice of the wave packet structure,
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one has
and, after extending the summation from −∞ to ∞, Eq.
(1) transforms into the form
where T ≡ 2π/∆ω is the characteristic period of the field and [Chacón, 1997] , with dn being the Jacobian elliptic function of parameter m. Note that, unlike in the case of the standard map, this approximation does not imply a loss of generality. In a reference frame moving with the main wave, Eq. (6) transforms into
where
0 , and α ≡ Ω 0 T are all dimensionless variables and parameters. It is worth noting that α ≡ √ k, where k is the stochasticity parameter of the standard map [Zaslavsky et al., 1991] . The parameters k 0 , ω 0 , E 0 , and Ω 0 are held constant throughout. Physically, Eq. (7) represents a damped pendulum subjected to an external load and parametrically subjected to a periodic string of finite pulses having an effective width and an amplitude controlled by m. Note that this parametric excitation depends critically on the constant phase φ 0 . Thus, model (7) permits one to study both the effectiveness of the constant phase φ 0 at suppressing the chaotic behavior existing when φ 0 = 0, and the structural stability of this control scenario under changes in the width of the wave packet by solely varying the parameter m (and hence N eff ) between 0 and 1. In particular, the case of a single plane wave (m = 0) is described by a purely damped pendulum, while the case of an infinity of plane waves (standard map: γ = 0, m = 1) is described by a generalization of the delta-kicked rotator.
Analytical Results
To obtain analytical estimates in parameter space, let us consider the case of weak dissipation (0 < γ 1). Since
Eq. (7) may be regarded as a perturbed pendulum (0 < δ, η 1) for m ∈ [0, 1), and then one can apply Melnikov's method (MM) [Melnikov, 1963; Guckenheimer & Holmes, 1983; Lichtenberg & Lieberman, 1993 ] to obtain an analytical estimate of the edge of chaos in the parameter space. Straightforward application of MM to Eq. (7) gives the Melnikov function
with
and where the positive (negative) sign refers to the top (bottom) homoclinic orbit of the underlying conservative pendulum: ζ 0 (τ ) = ±(4 arctan e τ −π), ζ 0 (τ ) = ±2 sech τ . It is well known that the simple zeros of the Melnikov function imply transversal intersections of stable and unstable manifolds (i.e. a homoclinic bifurcation occurs), giving rise to Smale horseshoes and hence hyperbolic invariant sets [Guckenheimer & Holmes, 1983] .
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In the absence of the constant phase (φ 0 = 0), one straightforwardly obtains [Chacón, 2005] that a homoclinic bifurcation (signifying the possibility of chaotic behavior) is guaranteed for trajectories whose initial conditions are sufficiently close to the separatrix of the underlying conservative pendulum if
where U (m, α, φ 0 = 0) is the chaotic threshold function. It is straightforward to obtain the following properties [Chacón, 2005] 
If one now considers the effects of a nonzero constant phase on the chaotic equivalent pendulum such that
the relationship (13) (14) and property (iv); see Fig. 2(b) ].
Numerical Results
We now compare the theoretical predictions obtained from MM with the Lyapunov exponent (LE) calculations for the equivalent pendulum (7). Computer simulations of Eq. (7) showed that MM-based predictions provide useful information regarding the control scenario, even when the excitation amplitudes do not reasonably satisfy the MM requirements [Melnikov, 1963; Guckenheimer & Holmes, 1983; Lichtenberg & Lieberman, 1993] . In particular, MM predictions are expected to be valid only for weak dissipation. In this regard, it is worth recalling that even in the case of small amplitudes one cannot expect too good a quantitative agreement between these two kinds of approaches, because MM is a perturbative method generally related to transient chaos associated with homoclinic bifurcations, while LE provides information solely concerning steady responses. LEs were computed using a version of the algorithm introduced in [Benettin et al., 1976] , with integration typically up to 3 × 10 4 drive cycles for each fixed set of parameters. Figure 3 shows two illustrative examples corresponding to α = {4, 8} and the fixed parameters δ = 0.1, η = 0.1. In the absence of the constant phase (φ 0 = 0), the chaotic equivalent pendulum exhibits a chaotic strange attractor characterized by a maximal LE λ + (φ 0 = 0) = 0.227. The maximal LE shown in the two panels of Fig. 3 was calculated for each point on a 100 × 100 grid in the parameter plane m−φ 0 . From Fig. 3(a) , one sees that complete regularization (λ + (φ 0 = 0) < 0) mainly appears in certain regions around the respective theoretically predicted optimal values φ opt 0 ≡ {π/2, 3π/2} [see Fig. 2(b) ]. Note the existence of a regularization region around the value φ 0 = π, which cannot be explained from MM [cf. Eq. (9)]. Remarkably, an additional key feature of the MM-based predictions was also found to be present in the LE calculations -the ranges of the suppressory constant phase decrease as the spectral width (i.e. m) is increased. Similar results are found for other sets of parameters, as in the example shown in Fig. 3(b) .
The present numerical study was completed by computing global bifurcation diagrams, which Note that this behavior is in agreement with the MM prediction (vii). Typically, the equivalent pendulum goes from a strange chaotic attractor at φ 0 = 0 to a periodic attractor at φ 0 = π/2, 3π/2 as the constant phase increases for a sufficiently small fixed value of m [see Fig. 4(a) ]. Specifically, the overall evolution of the initial chaotic state over the range φ 0 ∈ [0, π/2] is characterized by the angular velocity undergoing an inverse period-doubling route as φ 0 is increased from 0, which is preceded by an inverse interior crisis. The regularization route 
Conclusions
It has been shown that the dissipative chaotic dynamics of a charged particle in the field of a wave packet with an arbitrary but finite number of harmonics can be reliably tamed by judiciously choosing a constant phase of the main harmonic while keeping null the constant phases of the remaining harmonics. Analytical estimates of the ranges of parameters for suppression of chaos were found by analyzing the results given by the Melnikov method. These theoretical predictions have explained most of the numerical results for certain regions of the parameter space. Current work is aimed at exploring the limiting Hamiltonian case of the present dissipative control scenario.
